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Abstract. We show that a dynamical system has gluing orbit property and
zero topological entropy if and only if it is minimal and equicontinuous. In
particular, we show that there is no minimal system that has both gluing orbit
property and positive topological entropy. Our results also lead to a corollary
that every asymptotically entropy expansive system with gluing orbit property
has dense intermediate metric entropies, which is related to a conjecture of
Katok.
1. Introduction
Gluing orbit is a variation of well-studied specification property but is much
weaker than the latter. This notion is introduced in [18], [6] and [3] to study various
properties of non-uniformly hyperbolic systems. It has become an important tool
and has drawn much attention in recent years. In [2] it is illustrated that a system
with gluing orbit property, which shall be called a GO system in this article for
short, may have zero topological entropy, which differs from the case for systems
with various specification-like properties. However, we perceive that a zero-entropy
GO system should be quite simple and special. In [17], we have shown that such
a system must be minimal. In this article, we give a complete characterization of
zero-entropy GO systems: they are just the minimal rotations.
Theorem 1.1. A topological dynamical system is a GO system of zero topological
entropy if and only if it is minimal and equicontinuous, i.e. it is topologically
conjugate to a minimal rotation on a compact abelian group.
In the smooth setting, positive topological entropy implies nonzero Lyapunov
exponents. So Theorem 1.1 shows that gluing orbit property is still closely related
to some weak hyperbolicity, except for the special case of minimal rotations.
We already know that every minimal equicontinuous system is GO [17, Theorem
1.2]. To prove Theorem 1.1 we just need to show that a zero-entropy GO system is
equicontinuous. This is made possible by taking advantage of a sequence of notions
in topological dynamics, among which the most important one is uniform rigidity.
Moreover, we can show that a minimal GO system must have zero topological
entropy. The following theorem provides a summary of our main results.
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Theorem 1.2. Let (X, f) be a GO system. The followings are equivalent:
(1) (X, f) has zero topological entropy.
(2) (X, f) is minimal.
(3) (X, f) is equicontinuous.
(4) (X, f) is uniformly rigid.
(5) (X, f) is uniquely ergodic.
It is clear that (3) =⇒ (1) and (2)(3) =⇒ (5). We have shown in [17] that
(1) =⇒ (2) and (5) =⇒ (2). We shall prove that (1) =⇒ (4) in Section 3.2 and
(4) =⇒ (3) in Section 3.3. Finally, we prove that (2) =⇒ (1) in Section 4.3.
We say that a system is trivial if it consists of a single periodic orbit. As a
corollary of Theorem 1.2, it is somewhat unexpected that there is no non-trivial
zero-entropy GO system that is either non-invertible or symbolic, Furthermore, any
non-trivial minimal subshift is not GO (e.g. a subshift on the closure of the orbit
of an almost periodic point [9]).
To show that minimality implies zero entropy for GO systems (Proposition 4.9),
we construct a compact invariant subset of small entropy. Along with a result in
[5] this leads to a byproduct, which shall be discussed in Section 4.5 and gives a
partial result related to a conjecture of Katok on intermediate metric entropies.
Similar results have been discussed in [16, 13, 8].
Theorem 1.3. Let (X, f) be an asymptotically entropy expansive GO system. Then
the set
E(f) := {hµ(f) : µ is an ergodic measure for (X, f)}
is dense in the interval [0, h(f)].
It is shown in [1] that topologically, most dynamical systems are GO. However,
as a corollary of Theorem 1.2 (Proposition 4.9), we are aware of an example which
is a contrast to [1, Corollary 2].
Theorem 1.4. There is a C∞ Riemannian manifold X, a one-parameter family
F = {Fα : α ∈ T1} of C∞ diffeomorphisms on X and a residual subset W ⊂ T1
such that F is homeomorphic to T1 in C0 topology and Fα is minimal and not GO
for every α ∈ W .
2. Preliminaries
Let (X, d) be a compact metric space. Throughout this article, we assume that
X is infinite to avoid trivial exceptions. Let f : X → X be a continuous map. Then
(X, f) is conventionally called a topological dynamical system or just a system. We
shall denote by Z+ the set of all positive integers and by N the set of all nonnegative
integers, i.e. N = Z+ ∪ {0}. For M ∈ Z+, we denote by
ΣM := {1, 2, · · · ,M}
Z
+
the space of sequences in {1, 2, · · · ,M}.
2.1. Gluing orbit property.
Definition 2.1. We call a sequence
C = {(xj ,mj)}j∈Z+
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of ordered pairs in X × Z+ an orbit sequence. A gap for an orbit sequence is a
sequence
G = {tj}j∈Z+
of positive integers. For ε > 0, we say that (C ,G ) can be ε-shadowed by z ∈ X if
the following shadowing property holds:
For every j ∈ Z+,
d(f sj+l(z), f l(xj)) ≤ ε for each l = 0, 1, · · · ,mj − 1, (1)
where
s1 = 0 and sj =
j−1∑
i=1
(mi + ti − 1) for j ≥ 2.
Definition 2.2. (X, f) is said to have gluing orbit property, or called a GO system,
if for every ε > 0 there is M =M(ε) > 0 such that for any orbit sequence C , there
is a gap G ∈ ΣM such that (C ,G ) can be ε-shadowed.
Remark. By [17, Lemma 2.10], Definition 2.2 is equivalent to the original defini-
tions of gluing orbit property (cf. [17, Definition 2.8] and [3, Definition 2.1]). A
difference to note is that we allow equalities in (1) for our convenience. For defini-
tions and results on the related specification-like properties, the readers are referred
to [12].
2.2. Topological entropy and entropy expansiveness.
Definition 2.3. Let K be a subset of X . For n ∈ Z+ and ε > 0, a subset E ⊂ K
is called an (n, ε)-separated set in K if for any distinct points x, y in E, there is
k ∈ {0, · · · , n− 1} such that
d(fk(x), fk(y)) > ε.
Denote by s(K,n, ε) the maximal cardinality of (n, ε)-separated subsets of K. Let
h(K, f, ε) := lim sup
n→∞
ln s(K,n, ε)
n
.
Then the topological entropy of f on K is defined as
h(K, f) := lim
ε→0
h(K, f, ε).
In particular, h(f) := h(X, f) is the topological entropy of the system (X, f).
Remark. Note that h(K, f, ε) grows as ε tends to 0. So we actually have
h(K, f) = sup{h(K, f, ε) : ε > 0}.
Definition 2.4. For ε > 0 and x ∈ X , denote
Γε(x) := {y ∈ X : d(f
n(x), fn(y)) < ε for every n ∈ N}.
Let
hloc(f, ε) := sup{h(Γε(x), f) : x ∈ X}.
(1) We say that (X, f) is entropy expansive if there is ε0 > 0 such that
hloc(f, ε0) = 0.
(2) We say that (X, f) is asymptotically entropy expansive if
lim
ε→0
hloc(f, ε) = 0.
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Proposition 2.5 (cf. [4, Corollary 2.4]). For every subset K and every ε > 0,
h(K, f) ≤ h(K, f, ε) + hloc(f, ε).
2.3. Almost periodicity and Equicontinuity.
Definition 2.6. A set A ⊂ N is called syndetic if there is L > 0 such that
A ∩ [n, n+ L− 1] 6= ∅ for any n ∈ N.
Definition 2.7. For x ∈ X and ε > 0, denote
R(x, ε) := {n ∈ Z+ : d(fn(x), x) ≤ ε}.
A point x ∈ X is called almost periodic in (X, f) if R(x, ε) is syndetic for every
ε > 0.
Definition 2.8. For ε > 0, denote
R(ε) :=
⋂
x∈X
R(x, ε) = {n ∈ Z+ : d(fn(x), x) ≤ ε for every x ∈ X}.
The system (X, f) is called uniformly almost periodic if R(ε) is syndetic for every
ε > 0.
Definition 2.9. (X, f) is called equicontinuous if the family {fn}∞n=1 is equicontin-
uous, i.e. for every ε > 0, there is δ > 0 such that for any x, y ∈ X with d(x, y) < δ,
we have
d(fn(x), fn(y)) < ε for every n ≥ 0.
Proposition 2.10 ([19, Theorem 3.1.3]). (X, f) is equicontinuous if it is uniformly
almost periodic.
Remark. If f is surjective, then equicontinuity also implies uniform almost peri-
odicity.
We give a proof of Proposition 2.10 for completeness.
Proof. Assume that f is uniformly almost periodic. For every ε > 0, R( ε3 ) is
syndetic. There is L ∈ Z+ such that
R(
ε
3
) ∩ [n, n+ L− 1] 6= ∅ for any n ∈ N.
By uniform continuity, there is δ > 0 such that
d(fk(x), fk(y)) <
ε
3
whenever d(x, y) < δ, for each k = 1, 2, · · · , L.
For any n ∈ Z+, n > L, there is j ∈ R( ε3 ) ∩ [n − L, n − 1] and k ∈ {1, 2, · · · , L}
such that n = j + k. Then
d(f j(x), x) <
ε
3
for every x ∈ X.
So we have
d(fn(x), fn(y)) = d(f j+k(x), f j+k(y))
≤ d(f j(fk(x)), fk(x)) + d(f j(fk(y)), fk(y)) + d(fk(x), fk(y))
< ε whenever d(x, y) < δ.
Hence (X, f) is equicontinuous. 
Proposition 2.11. Every equicontinuous system has zero topological entropy.
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2.4. Transitivity and minimality.
Definition 2.12. Denote by
O(x) := {fn(x) : n ∈ N}
the (forward) orbit of x ∈ X under f . Denote by
Tran(X, f) := {x ∈ X : O(x) = X}
the set of all points whose orbits are dense. Then
(1) We say that (X, f) is topologically transitive if Tran(X, f) is dense in X .
This is equivalent to the standard definition which states that for any two
nonempty open sets U and V , there is n ∈ N such that fn(U) ∩ V 6= ∅.
(2) We say that (X, f) is minimal if Tran(X, f) = X .
Proposition 2.13. Let (X, f) be a topological dynamical system.
(1) If (X, f) is GO, then (X, f) is topologically transitive.
(2) x ∈ X is almost periodic if and only if (O(x), f |
O(x)
) is minimal.
A system that is both equicontinuous and minimal is quite simple and special.
Such a system can be characterized in various ways. The following proposition
provides an incomplete summary.
Proposition 2.14. Let (X, f) a topological dynamical system. The followings are
equivalent:
(1) (X, f) is equicontinuous and minimal.
(2) (X, f) is equicontinuous and topologically transitive.
(3) (X, f) is minimal and it has (topologically) discrete spectrum.
(4) (X, f) is topologically conjugate to a minimal isometry.
(5) (X, f) is topologically conjugate to a minimal rotation on a compact abelian
group.
2.5. Uniform Rigidity.
The notion of uniform rigidity plays a key role in this article.
Definition 2.15. (X, f) is called uniformly rigid if there is a sequence {nk}∞k=1
such that fnk → Id uniformly as k →∞.
Uniform rigidity is closely related to recurrence and almost periodicity.
Proposition 2.16 (cf. [19, Lemma 9.2.5]). If (X, f) is uniformly rigid, then for
every ε > 0, R(ε) is infinite. In fact, R(ε) is an IP-set.
Proposition 2.17. Let (X, f) be a uniformly rigid system. Then the followings
hold:
(1) f is a homeomorphism (cf. [19, Lemma 3.2.11]).
(2) h(f) = 0 (cf. [7, Proposition 6.3]).
3. Zero Entropy Implies Equicontinuity
3.1. A sufficient condition for uniform rigidity.
Our key to take advantage of uniform rigidity for GO systems is to consider
whether a dense orbit stays close to a shift of itself.
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Lemma 3.1. Suppose that there are γ > 0, p ∈ Tran(X, f) and m ∈ Z+ such that
d(fn(p), fn(fm(p))) ≤ γ for every n ∈ N.
Then for every x ∈ X,
d(x, fm(x)) ≤ γ for every n ∈ N.
Proof. Take any x ∈ X . As p ∈ Tran(X, f), there is a sequence {nk}∞k=1 in N such
that
lim
k→∞
fnk(p) = x.
Then for every n ∈ N,
d(x, fm(x)) = lim
k→∞
d(fnk(p), fm(fnk(p)) ≤ γ.

Corollary 3.2. If (X, f) is not uniformly rigid, then there is γ > 0 such that for
every p ∈ Tran(X, f) and every m ∈ Z+, there is τ = τ(p,m) ∈ N such that
d(f τ (p), f τ (fm(p)) > γ.
Proof. Assume the result fails. Then for each k ∈ Z, there are pk ∈ Tran(X, f) and
mk ∈ Z+ such that
d(fn(pk), f
n(fmk(pk)) ≤ 2
−k for every n ∈ N.
Then by Lemma 3.1, we have for every x ∈ X ,
d(x, fmk(x)) ≤ 2−k for every n ∈ N.
This implies that fmk → Id uniformly as k → ∞ and hence (X, f) is uniformly
rigid. 
3.2. Zero entropy implies uniform rigidity. Based on Corollary 3.2, we can
show that a GO system of zero topological entropy must be uniformly rigid.
Proposition 3.3. Let (X, f) be a GO system that is not uniformly rigid. Then
h(f) > 0.
The rest of this subsection is the proof of Proposition 3.3.
Let (X, f) be a GO system that is not uniformly rigid. (X, f) is topologically
transitive and hence Tran(X, f) 6= ∅. By Corollary 3.2, there are p ∈ Tran(X, f),
γ > 0 and 0 < ε < 13γ such that for M =M(ε) and for each k = 1, 2, · · · , 2M − 1,
there is τk ∈ N such that
d(f τk(p), f τk(fk(p)) > γ. (2)
Let
T := 2M +max{τk : k = 1, · · · , 2M − 1}. (3)
Denote
m1 := T +M and m2 := T.
For each ξ = {ξ(k)}∞k=1 ∈ Σ2 := {1, 2}
Z
+
, denote
Cξ := {(p,mξ(k) + 1)}
∞
k=1.
Then there are zξ ∈ X and
Gξ = {tk(ξ)}
∞
k=1 ∈ ΣM
such that (Cξ,Gξ) is ε-shadowed by zξ.
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Lemma 3.4. If there is n ∈ {1, · · · , N} such that ξ(n) 6= ξ′(n), then zξ and zξ′
are ((N + 1)(T + 2M), ε)-separated.
Proof. We may assume that ξ(n) = 1, ξ′(n) = 2 and
ξ(k) = ξ′(k) for each k = 1, 2, · · · , n− 1.
The proof divides into two cases:
Case 1. Assume that
tk(ξ) = tk(ξ
′) for each k = 1, 2, · · · , n− 1.
Denote
s :=
n−1∑
k=1
(mξ(k) + tk(ξ)) =
n−1∑
k=1
(mξ′(k) + tk(ξ
′)) ≤ (n− 1)(T + 2M).
Consider the shadowing properties of zξ and zξ′ for the (n + 1)-th orbit
segment. We have
d(f s+T+M+tn(ξ)+l(zξ), f
l(p)) ≤ ε, for each l = 0, 1, · · · , T ;
d(f s+T+tn(ξ
′)+l(zξ′), f
l(p)) ≤ ε, for each l = 0, 1, · · · , T.
Note that 1 ≤M + tn(ξ)− tn(ξ
′) ≤ 2M − 1. By (2) and (3), there is
τ∗ := τM+tn(ξ)−tn(ξ′) ≤ T − 2M
such that
d(f τ∗(p), f τ∗(fM+tn(ξ)−tn(ξ
′)(p))) > γ.
Then
d(f s+T+M+tn(ξ)+τ∗(zξ), f
s+T+M+tn(ξ)+τ∗(zξ′))
≥ d(f τ∗(p), fM+tn(ξ)−tn(ξ
′)+τ∗(p))
− d(f s+T+M+tn(ξ)+τ∗(zξ), f
τ∗(p))
− d(f s+T+M+tn(ξ)+τ∗(zξ′), f
M+tn(ξ)−tn(ξ
′)+τ∗(p))
> γ − 2ε > ε.
Moreover, we have
s+T+M+tn(ξ)+τ∗ ≤ (n−1)(T+2M)+T+M+M+(T−2M) < (N+1)(T+2M).
Case 2. Assume that
K := min{k ∈ Z+ : tk(ξ) 6= tk(ξ
′)} ≤ n− 1.
We may assume that tK(ξ) > tK(ξ
′). Note that
1 ≤ tK(ξ)− tK(ξ
′) ≤M − 1.
By (2) and (3), there is
τ∗ := τtK(ξ)−tK(ξ′) ≤ T − 2M
such that
d(f τ∗(p), f τ∗(f tK(ξ)−tK(ξ
′)(p))) > γ.
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Denote
s :=
K∑
k=1
(mξ(k) + tk(ξ)) =
K∑
k=1
(mξ′(k) + tk(ξ
′)) + tK(ξ)− tK(ξ
′).
The shadowing properties yield
d(f s+l(zξ), f
l(p)) ≤ ε, for each l = 0, 1, · · · , T ;
d(f s−(tK(ξ)−tK(ξ
′))+l(zξ′), f
l(p)) ≤ ε, for each l = 0, 1, · · · , T.
Then
d(f s+τ∗(zξ), f
s+τ∗(zξ′))
≥ d(f τ∗(p), f tK(ξ)−tK(ξ
′)+τ∗(p))
− d(f s+τ∗(zξ), f
τ∗(p))
− d(f s+τ∗(zξ′), f
tK(ξ)−tK(ξ
′)+τ∗(p))
> γ − 2ε > ε.
We have
s+ τ∗ < K(T + 2M) + T < (N + 1)(T + 2M).

By Lemma 3.4, for each N , there is an ((N +1)(τ +2M), ε)-separated set whose
cardinality is 2N . This yields that
h(f) ≥ lim sup
N→∞
ln 2N
(N + 1)(τ + 2M)
=
ln 2
τ + 2M
> 0.
3.3. Uniform rigidity implies equicontinuity. We remark that there are min-
imal and uniformly rigid systems that are weakly mixing (cf. [7]). To complete the
Proof of Theorem 1.1, we need to show that a uniform rigid GO system is uniformly
almost periodic. Then by Proposition 2.10, it is equicontinuous.
Lemma 3.5. Let (X, f) be a uniformly rigid GO system. Then for every ε > 0
and any x, y ∈ X, there is m < M :=M( ε3 ) such that
d(fn(x), fn(fm(y))) ≤ ε for every n ∈ N.
Proof. As R(
ε
3
) is infinite, we can find a sequence {nk}∞k=1 in R(
ε
3
) such that
nk →∞ and nk > M for every k ∈ Z
+.
For each k, consider
Ck = {(x, nk −M + 1), (y, nk)}
There are znk ∈ X and tnk ∈ {1, 2, · · · ,M} such that (Ck, {tnk}) is
ε
3
-shadowed by
zk. We can find a subsequence {nl}∞l=1 of {nk}
∞
k=1 and t ∈ {1, 2, · · · ,M} such that
tnl = t for every l ∈ Z
+.
Then
M − t ∈ {0, 1, · · · ,M − 1}.
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For every l ∈ Z+, the shadowing properties yield that
d(f j(znl), f
j(x)) ≤
ε
3
, for each j = 0, 1, · · · , nl −M ;
d(fnl−M+t+j(znl), f
j(y)) ≤
ε
3
, for each j = 0, 1, · · · , nl.
Then for every l ∈ Z+ and every n ≤ nl −M , we have
d(fn(x), fn(fM−t(y)))
≤ d(fn(x), fn(znl)) + d(f
n(znl), f
n+nl(znl)) + d(f
n+nl(znl), f
n(fM−t(y)))
≤
ε
3
+
ε
3
+
ε
3
= ε.
As nl →∞, we have
d(fn(x), fn(fM−t(y))) ≤ ε for every n ∈ N.

Proposition 3.6. Let (X, f) be a uniformly rigid GO system. Then (X, f) is
uniformly almost periodic (hence is equicontinuous).
Proof. Take x ∈ Tran(X, f). For every ε > 0, let M = M(
ε
3
). For every k ∈ N,
apply Lemma 3.5 for x and fk(x). There is m < M such that
d(fn(x), fn(fm(fk(x)))) ≤ ε for every n ∈ N.
By Lemma 3.1, we have
d(fn(y), fn(fm+k(y))) ≤ ε for every n ∈ N and for every y ∈ X.
This implies that k +m ∈ R(ε) and hence R(ε) is syndetic. So (X, f) is uniformly
almost periodic. 
4. Minimality and Small Entropy
4.1. The induced shift map. In this subsection we introduce a symbolic system
associated to a GO system of positive topological entropy. Here we attempt to
provide a general tool to study the uncertainty of the gaps in gluing orbit property.
Some lemmas in this subsection may not be indispensable in the proofs of the main
results of this article.
Let (X, f) be a GO system of positive topological entropy h(f) > 0. By Propo-
sition 2.17, (X, f) is topologically transitive and not uniformly rigid . By Corollary
3.2, there is γ = γ(f) > 0 such that for every p ∈ Tran(X, f) and for each k ∈ Z+
there is there is τk = τk(p) ∈ Z such that
d(f τk(p), f τk(fk(p)) > γ. (4)
We fix p ∈ Tran(X, f). Let 0 < ε < 13γ, M =M(ε) and
τ > M +max{τk : k = 1, · · · ,M − 1}.
Let
C = C (p, τ) := {(p, τ + 1)}Z
+
.
For each G ∈ ΣM , denote
YG := {x ∈ X : (C ,G ) is ε-shadowed by x}.
10 PENG SUN
Denote
Σ = Σ(τ, ε) := {G ∈ ΣM : YG 6= ∅} ⊂ ΣM .
Let
Y = Y (τ, ε) :=
⋃
G∈ΣM
YG =
⋃
G∈Σ
YG .
Lemma 4.1. Assume that G = {tk}∞k=1 and G
′ = {t′k}
∞
k=1 in ΣM such that (C ,G )
is shadowed by x, (C ,G ′) is shadowed by y,
tk = t
′
k for k = 1, · · · , n− 1 and tn 6= t
′
n.
Then x, y are ((n+ 1)(τ +M), ε)-separated.
Proof. We may assume that tn < t
′
n. Note that
1 ≤ t′n − tn ≤M − 1.
This implies that there is
τ∗ = τt′n−tn ≤ τ −M
such that
d(f τ∗(p), f τ∗(f t
′
n−tn(p))) > γ.
However, for
s :=
n∑
k=1
(τ + tk) and s
′ :=
n∑
k=1
(τ + t′k) = s+ (t
′
n − tn),
the shadowing properties yield that
d(f s
′+τ∗(x), f s
′+τ∗(y))
≥ d(f τ∗(p), f τ∗(f t
′
n−tn(p)))− d(f s
′+τ∗(x), f τ∗(p))
− d(f s+t
′
n−tn+τ∗(y), f t
′
n−tn+τ∗(p))
> γ − 2ε > ε.
This implies that x, y are ((n+ 1)(τ +M), ε)-separated, as
s′ + τ∗ ≤ n(τ +M) + (τ −M) < (n+ 1)(τ +M).

Corollary 4.2. For every x ∈ Y there is a unique G = G(x) such that (C ,G ) is
ε-shadowed by x. Hence Σ = {G(x) : x ∈ Y }.
Note that ΣM is a symbolic space on which there are a shift map σ and a product
topology that can be induced by the metric
ρ({tk}
∞
k=1, {t
′
k}
∞
k=1) = 2
−min{k∈Z+:tk 6=t
′
k}.
Corollary 4.3. The map G : Y → ΣM is uniformly continuous.
Proof. Let n ∈ Z+. As f is continuous and X is compact, there is δ > 0 such that
for each k = 0, 1, · · · , (n+ 1)(τ +M), we have
d(fk(x), fk(y)) < ε whenever x, y ∈ Y and d(x, y) < δ.
So x, y are not ((n + 1)(τ +M), ε)-separated if d(x, y) < δ. By Lemma 4.1, this
implies that
ρ(G(x), G(y)) < 2−n whenever x, y ∈ Y and d(x, y) < δ.
Hence G is uniformly continuous. 
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Denote by σ the shift map on ΣM . It is clear that for every x ∈ Y and G(x) =
{tk}∞k=1, we have σ(G(x)) = G(f
τ+t1(x)), i.e. (C , σ(G(x))) can be ε-shadowed by
f τ+t1(x). This implies that σ(Σ) ⊂ Σ. The following lemma shows that both Y
and Σ are compact.
Lemma 4.4. Let {xn} be a sequence in Y such that xn → x in X. Then there is
G ∈ ΣM such that G(xn)→ G and (C ,G ) can be ε-shadowed by x.
Proof. As {xn} is a Cauchy sequence and G is uniformly continuous, {G(xn)} is a
Cauchy sequence in ΣM . By compactness of ΣM , there is G = {tk}∞k=1 ∈ ΣM such
that G(x)→ G .
For each n ∈ Z+, denote
G(xn) = {tk(n)}
∞
k=1 and sk(n) =
k−1∑
i=1
(τ + ti(n)) for each k ∈ Z
+.
For each k ∈ Z+, there is N such that for every n > N ,
tj(n) = tj for each j = 1, 2, · · · , k and hence sk(n) =
k−1∑
i=1
(τ + ti) =: sk.
Then for each k ∈ Z+ and each l = 0, 1, · · · , τ , we have
d(f sk+l(x), f l(p)) = lim
n→∞
d(f sk+l(xn), f
l(p))
= lim
n→∞
d(f sk(n)+l(xn), f
l(p)) (for n > N)
≤ ε.
Hence (C ,G ) can be ε-shadowed by x. 
Corollary 4.5. Y is a compact subset of X. Σ is a compact subset of ΣM and is
invariant of the shift map σ.
4.2. Invariant sets and entropy estimates.
A set of the form
Bn(x, ε) = {y ∈ X : d(f
k(y), fk(x)) < ε, k = 0, 1, · · · , n− 1}
is called an (n, ε)-ball in (X, f). A subset E of X is called an (n, ε)-spanning set if
X =
⋃
x∈E
Bn(x, ε).
For 0 < ε < 13γ, let Y = Y (τ, ε) and Eε be a fixed (M(ε)− 1, ε)-spanning subset of
X with the minimal cardinality. |Eε| is finite since X is compact. Denote by
Cw1···wn = {{tk}
∞
k=1 ∈ Σ : tj = wj for each j = 1, · · · , n}
a cylinder of rank n in Σ. For each cylinder C, denote
YC =
⋃
G∈C
YG .
Denote by C(n) the number of different cylinders of rank n in Σ, which is equal to
the maximal cardinality of (n, 13 )-separated subsets of Σ for the shift map σ. Then
C(n) ≤Mn and
h(Σ, σ) = lim sup
n→∞
1
n
lnC(n).
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Lemma 4.6. For every k ∈ {0, · · · , τ + M}, every n ∈ Z+ and every cylinder
C = Ct1···tn+2 in Σ of rank n+ 2, there are at most |Eε|
n+2 points in fk(YC) that
are (nτ, 2ε)-separated.
Proof. Denote
s1 = 0 and sk =
k−1∑
i=1
(τ + ti) for k ≥ 2.
Assume that x1, x2 ∈ fk(YC) are (nτ, 2ε)-separated. There are y1, y2 ∈ YC such
that
fk(y1) = x1 and f
k(y2) = x2.
Then y1, y2 are (nτ + k, 2ε)-separated and hence ((n+ 2)τ, 2ε)-separated since
k ≤ τ +M < 2τ when τ > M.
But in this time period y1 and y2 can only be separated when their orbits are not
shadowing C . So there must be k ≤ n+ 2 and 1 ≤ t ≤ tk − 1 such that
d(f sk+τ+t(y1), f
sk+τ+t(y2)) > 2ε.
This implies that f sk+τ+1(y1) and f
sk+τ+1(y2) are (M − 1, 2ε)-separated. They
must belong to two (M − 1, ε)-balls centered at distinct points in Eε. Then the
result follows. 
Corollary 4.7. For every k ∈ {0, · · · , τ +M} and every n ∈ Z+, we have
s(fk(Y ), nτ, 2ε) ≤ C(n+ 2)|Eε|
n+2.
Lemma 4.8. For Y = Y (τ, ε), let
Λ = Λ(τ, ε) :=
τ+M−1⋃
k=0
fk(Y ).
Then Λ is a compact invariant set in (X, f) and for each n ∈ Z+, we have
s(Λ, nτ, 2ε) ≤ (τ +M)C(n+ 2)|Eε|
n+2 ≤ (τ +M)Mn+2|Eε|
n+2 (5)
Proof. Λ is compact since Y is compact.
For every x ∈ Λ, there is y ∈ Y and r ∈ {0, · · · , τ +M − 1} such that f r(y) = x.
If r < τ +M − 1, then f(x) = f r+1(y) ∈ Λ. Assume that G (y) = {tk}∞k=1. Note
that 1 ≤ t1 ≤M and
f τ+t1(y) ∈ Yσ(G ) ⊂ Y.
Hence if r = τ +M − 1, then
f(x) = f r+1(y) = f τ+M−(τ+t1)(f τ+t1(y)) ∈ fM−t1(Y ) ⊂ Λ.
So we can conclude that f(Λ) ⊂ Λ.
By Corollary 4.7, we have for each n ∈ Z+,
s(Λ, nτ, 2ε) ≤
τ+M−1∑
k=0
s(fk(Y ), nτ, 2ε) ≤ (τ +M)C(n+ 2)|Eε|
n+2.

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Lemma 4.8 provides an upper bound for us to estimate the entropy on Λ, which
shall be used in the proof of Proposition 4.9 and Proposition 4.13. Note that in
general, (5) does not directly provide an estimate of h(Λ, f) since M grows as ε
tends to 0. On the other hand, by Lemma 4.1, we also have
s(Y, (n+ 1)(τ +M), ε) ≥ C(n) for every n ∈ Z+.
Hence
h(Y, f) ≥ h(Y, f, ε) = lim sup
n→∞
lnC(n)
(n+ 1)(2τ +M)
=
h(Σ, σ)
2τ +M
.
4.3. Minimality implies zero entropy.
Proposition 4.9. Let (X, f) be a GO system with positive topological entropy.
Then (X, f) is not minimal.
Proof. Take β ∈ (0, h(f)). There is ε0 ∈ (0,
2
3γ), where γ is as in (4), such that
lim inf
n→∞
1
n
ln s(X,n, ε0) > β. (6)
For M =M( ε02 ), we can find a large τ and N1 such that
(τ +M)Mn+2|E ε0
2
|n+2 < enτβ for every n > N1.
By (6), there is N2 such that
s(X,nτ, ε0) > e
nτβ for every n > N2.
However, for Λ = Λ(τ, ε02 ), by Lemma 4.8 we have
s(Λ, nτ, ε0) ≤ (τ +M)M
n+2|E ε0
2
|n+2 < enτβ for n > max{N1, N2}.
This implies that Λ(τ, ε02 ) is a proper compact invariant subset of X and hence
(X, f) is not minimal. 
4.4. A residual set of non-GO systems. The following result indicates that
topologically, most minimal dynamical systems are GO. Note that if f is minimal
then X itself is a chain-recurrent class for f .
Proposition 4.10 ([1, Corollary 2]). Let X be a Riemannian manifold. Denote by
Homeo(X) the space of all homeomorphisms on X equipped with the C0 topology.
Then there is a residual set R in Homeo(X) such that for every f ∈ R and every
chain-recurrent class K for f , the subsystem (K, f |K) is a GO system.
We note an example which is a contrast to Proposition 4.10. In [10], Herman
considered a family of C∞ diffeomorphisms F = {Fα : α ∈ T1} on X = T1 ×
SL(2,R)/Γ, where T1 = [0, 1]/ ∼ is the unit circle and Γ is a cocompact discrete
subgroup of SL(2,R). For each α ∈ T1,
Fα(θ, gΓ) = (Rα(θ), Aθ(gΓ))
is a skew product, where Rα(θ) = θ + α is the rotation on T
1,
Aθ(gΓ) =
(
cos 2piθ − sin 2piθ
sin 2piθ cos 2piθ
)(
λ 0
0 1/λ
)
gΓ for each gΓ ∈ SL(2,R)/Γ
and λ > 1 is a fixed real number. It is clear that F is homeomorphic to T1 as a
subset of Homeo(X).
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Proposition 4.11 ([10]). h(Fα) > 0 for every α ∈ T1. There is dense Gδ subset
W ∈ T1 such that Fα is minimal for every α ∈W .
By Proposition 4.9, Fα must not be GO for every α ∈ W . This verifies Theorem
1.4. We doubt if there is any element Fα that is GO.
4.5. Denseness of intermediate metric entropies. Denote I(f) := [0, h(f))
and
E(f) := {hµ(f) : µ is an ergodic measure for (X, f)}.
The Variational Principle states that h(f) = sup E(f). Katok [11] showed that
E(f) ⊃ I(f) for any C1+α diffeomorphism on any surface and conjectured that this
holds for smooth systems in any dimension. The author has obtained a sequence
of partial results on this conjecture [14, 15, 16]. In [13] Quas and Soo showed that
the conjecture holds when f satisfies almost weak specification (also called weak
specification in [12] or other names by different authors), asymptotically entropy
expansivity and small boundary property. Taking advantage of the result of Quas
and Soo, the author and collaborators [8] were able to show that Katok’s conjecture
holds for certain homogeneous dynamical systems. We also showed in [8] that for
every f satisfying almost weak specification and asymptotically entropy expansivity
(without small boundary property), we have E(f) ⊃ I(f), i.e. the metric entropies
of ergodic measures are dense in I(f).
Recently, Constantine, Lafont and Thompson [5, Proposition 5.5] showed that
every expansive GO flow is entropy dense, i.e. for every invariant measure ν, every
neighborhood N of ν and every ε > 0, there is an ergodic measure µ ∈ N such that
|hµ(f)− hν(f)| < ε.
The proof of this result naturally extends to the case of asymptotically entropy
expansive GO systems. However, entropy denseness itself, even along with expan-
siveness, does not rule out absence of invariant measures of small entropy (e.g.
there are strictly ergodic subshifts of positive topological entropies [9]). To show
that E(f) ⊃ I(f) and verify Theorem 1.3, we need:
Proposition 4.12. Let (X, f) be an asymptotically entropy expansive GO system.
Then for every α ∈ (0, h(f)), there is an invariant measure µ for (X, f) such that
hµ(f) = α.
By Variational Principle, Proposition 4.12 is a corollary of the following lemma.
Lemma 4.13. Let (X, f) be an asymptotically entropy expansive GO system. Then
for every β > 0, there is a compact invariant subset Λβ of X such that
h(Λβ, f) ≤ β.
Proof. The statement is trivial if h(f) = 0. Now we assume that h(f) > 0 and then
apply the results we have obtained in this section.
Suppose that we are given β = 2β′ > 0. By asymptotically entropy expansive-
ness, there is ε0 > 0 such that
hloc(f, ε0) < β
′.
We may assume that ε0 <
2
3γ, where γ is as in (4). For M = M(
ε0
2 ), we can find
large τ and N such that
(τ +M)Mn+2|E ε0
2
|n+2 < enτβ
′
for every n > N.
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Then Λβ := Λ(τ,
ε0
2 ) is a compact invariant subset of X . By Lemma 4.8, we have
s(Λβ, nτ, ε0) ≤ (τ +M)M
n+2|E ε0
2
|n+2 < enτβ
′
for every n > N.
Then for every k > 2Nτ , there is l > N such that lτ ≤ k < (l + 1)τ . Hence
1
k
ln s(Λβ , k, ε0) ≤
1
lτ
ln s(Λβ , (l + 1)τ, ε0) <
(l + 1)β′
l
.
This yields that
h(Λβ , f, ε0) = lim sup
k→∞
1
k
ln s(Λβ , k, ε0) ≤ lim sup
l→∞
(l + 1)β′
l
= β′.
By Proposition 2.5, we have
h(Λβ , f) ≤ h(Λβ , f, ε0) + hloc(f, ε0) < β
′ + β′ = β.

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